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Abstract: L.H. Feng at el [17] present sufficient conditions based on spectral radius for a graph
with large minimum degree to be s-path-coverable and s-Hamiltonian. Motivated by this study,
in this paper, we give the sufficient conditions for a graph with large minimum degree to be s-
connected, s-edge-connected, β-deficient, s-path-coverable, s-Hamiltonian and s-edge-Hamiltonian
in terms of spectral radius of its complement.
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1 Introduction
Let G = (V,E) be a simple connected graph of order n with vertex set V = V (G) = {v1, v2, . . . , vn}
and edge set E = E(G). The complement of G is denoted by G. A regular graph is one whose
vertices all have the same degrees, and semi-regular bipartite graph is a bipartite graph for which
the vertices in the same part have the same degrees. Let Kn, On denote the complete graph, the
empty graph on n vertices, respectively. For two disjoint graphs G1 and G2, the union of G1 and
G2, denoted by G1+G2, is defined as V (G1+G2) = V (G1)∪V (G2) and E(G1+G2) = E(G1)∪(G2);
and the join of G1 and G2, denoted by G1 ∨ G2, is defined as V (G1 ∨ G2) = V (G1) ∪ V (G2), and
E(G1 ∨ G2) = E(G1 +G2) ∪ {xy : x ∈ V (G1), y ∈ V (G2)}. Denote Kn,m = On ∨ Om, a complete
bipartite graph.
The adjacency matrix of G is defined to be a matrix A(G) = [aij ] of order n, where aij = 1 if vi is
adjacent to vj, and aij = 0 otherwise. The largest eigenvalue of A(G), denoted by µ(G), is the spec-
tral radius of A(G). The degree matrix ofG is denoted byD(G) = diag (dG(v1), dG(v2), . . . , dG(vn)),
where dG(v) or simply d(v) denotes the degree of a vertex v in the graph G, the minimum degree
of G is denoted by δ(G). The matrix L(G) = D(G) −A(G) is the Laplacian matrix of G, and the
matrix Q(G) = D(G) +A(G) is the signless Laplacian matrix (or Q-matrix) of G.
∗Email: guidongy@163.com. Supported by the Natural Science Foundation of Department of Education of Anhui
Province of China under Grant nos. KJ2015ZD27, KJ2017A362.
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A graph G is said to be s-connected if it has more than s vertices and remains connected
whenever fewer than s vertices are deleted.
A graph G is s-edge-connected if it has at least two vertices and remains connected whenever
fewer than s edges are deleted.
The deficiency of a graph G, denoted by def(G), is the number of vertices unmatched under a
maximum matching in G. In particular, G has a 1-factor if and only if def(G)=0. We say that G
is β-deficient if def(G)≤ β.
A graph G is s-path-coverable if V (G) can be covered by s or fewer vertex-disjoint paths. In
particular, a graph G is 1-path-coverable is the same as G is traceable.
A graph G is s-Hamiltonian if for all X ⊂ V (G) with |X| ≤ s, the subgraph induced by V (G)\X
is Hamiltonian. Thus a graph G is 0-Hamiltonian is the same as G is Hamiltonian.
A graph G is s-edge-Hamiltonian if any collection of vertex-disjoint paths with at most s edges
altogether belong to a Hamiltonian cycle in G.
The study of the relationship between graph properties and eigenvalues has attracted much
attention. This is largely due to the following problem of Brualdi and Solheid [2]: Given a set ̺ of
graphs, find an upper bound for the spectral radii of the graphs of ̺, and characterize the graphs
for which the maximal spectral radius is attained. An important paper relating connectivity and
Laplacian eigenvalues of graphs is by Fiedler [18], and since then, this relationship has been well
studied. Yu et al [27] presented spectral condition for a graph to be k-connected. Cioaba and
Gu [7] obtained a sufficient condition for a connected graph to be k-edge-connected in relation
to the second largest eigenvalue. Other related results can be found in [5, 21, 9, 22]. The study
of eigenvalues and the matching number was initiated by Brouwer and Haemers [3], and then
subsequently developed by Cioaba and many other researchers [5, 6]. Fiedler and Nikiforov [19]
were the first to establish the spectral sufficient conditions for graphs to be Hamiltonian or traceable.
Zhou [28] presented the signless Laplacian spectral sufficient conditions for graphs to be Hamiltonian
or traceable. Li [12] reported several spectral sufficient conditions for Hamiltonian properties of
graphs. Since then, many researchers have studied the analogous problems under various other
conditions; see [13, 14, 8, 20, 16, 17, 11, 10, 15, 23, 24, 25, 26]. Particularly, L.H. Feng at el
[17] present sufficient conditions based on spectral radius for a graph with large minimum degree
to be s-path-coverable and s-Hamiltonian. Motivated by this study, in this paper, we give the
sufficient conditions for a graph with large minimum degree to be s-connected, s-edge-connected,
β-deficient, s-path-coverable, s-Hamiltonian and s-edge-Hamiltonian in terms of spectral radius of
its complement.
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2 Preliminaries
For an integer k ≥ 0, the k-closure of a graph G, denoted by Ck(G), is the graph obtained from G
by successively joining pairs of nonadjacent vertices whose degree sum is at least k until no such
pair remains,see [1]. The k-closure of the graph G is unique, independent of the order in which
edges are added. Note that dCk(G)(u) + dCk(G)(v) ≤ k − 1 for any pair of nonadjacent vertices u
and v of Ck(G).
Lemma 2.1 [1] Let G be a graph of order n. Then
(i) G is s-connected if and only if Cn+s−2(G) is so.
(ii) G is s-edge-connected if and only if Cn+s−2(G) is so.
(iii) G is β-deficient if and only if Cn−β−1(G) is so.
(iv) G is s-path-coverable if and only if Cn−s(G) is so.
(v) G is s-hamiltonian if and only if Cn+s(G) is so.
(vi) G is s-edge-hamiltonian if and only if Cn+s(G) is so.
Lemma 2.2 [8] Let G be a graph with non-empty edge set. Then
µ(G) ≥ min{
√
d(u)d(v) : uv ∈ E(G)}.
Moreover, if G is connected, then equality holds if and only if G is regular or semi-regular bipartite.
3 The main results
Let EPn be the set of following graphs of order n:
G1∨G2, where G1 with order n−k+r is a r regular graph, G2 is a spanning subgraph of Kk−r.
Let ECn be the set of following graphs of order n:
G1 ∨ G2, where G1 = (X,Y ) with order n − s + 1 + r is a semi-regular bipartite graph with
∀u ∈ X, dG1(u) = k − s+ 2, ∀v ∈ Y, dG1(v) = n− k − 1, |V (G2)| = s− 1− r ≥ 0.
Let ESn be the set of following graphs of order n:
G1 ∨ G2, where G1 = (X,Y ) with order n − s − 1 + r is a semi-regular bipartite graph with
∀u ∈ X, dG1(u) = k − s, ∀v ∈ Y, dG1(v) = n− k − 1, |V (G2)| = s+ 1− r ≥ 0.
Theorem 3.1 Let s ≥ 1, k ≥ 1, k − s+ 1 ≥ 0, n ≥ 2k + 1. Let G be a connected graph of order n
and minimum degree δ(G) ≥ k. If
µ(G) ≤
√
(k − s+ 2)(n − k − 1),
then G is s-connected unless G ∈ EPn or G ∈ ECn.
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Proof. Let H = Cn+s−2(G). If H is s-connected, then so is G by Lemma 2.1(i). Now we
assume that H is not s-connected. Note that H is (n+ s− 2)-closed, thus every two nonadjacent
vertices u, v have degree sum at most n+ s− 3. i.e., for any edge uv ∈ E(H)
dH(u) + dH(v) ≥ 2(n − 1)− (n+ s− 3) = n− s+ 1, (3.1)
this implies that
dH(u)dH(v) ≥ dH(u)(n − s+ 1− dH(u)).
Since dH(u) ≥ dG(u) ≥ k and dH(v) ≥ dG(v) ≥ k, we have dH(u) ≤ n − k − 1 and dH(v) ≤
n− k − 1. Combining (3.1), thus dH(u) ≥ n− s+ 1− dH(v) = k − s+ 2 and dH(v) ≥ k − s+ 2.
Let f(x) = x((n−s+1)−x) with k−s+2 ≤ x ≤ n−k−1, we note f(x) is convex in x. We have
f(x) ≥ f(k−s+2) (or f(n−k−1)), namely f(x) ≥ (k−s+2)(n−k−1), the equality holds if and only
if x = k−s+2 (or x = n−k−1). So dH(u)dH(v) ≥ dH(u)(n−s+1−dH(u)) ≥ (k−s+2)(n−k−1)
with equality if and only if dH(u) = k−s+2 and dH(v) = n−k−1. By Lemma 2.2, Perron-Frobenius
theorem, and the assumption,
√
(k − s+ 2)(n − k − 1) ≥ µ(G) ≥ µ(H) ≥ min
uv∈E(H)
√
dH(u)dH(v) ≥
√
(k − s+ 2)(n − k − 1).
Therefore, µ(G) = µ(H) =
√
(k − s+ 2)(n − k − 1), and dH(u) = k − s + 2, dH(v) = n − k − 1
for any edge uv ∈ E(H). Note that every non-trivial component of H has a vertex of degree at
least n − k − 1 and hence of order at least n − k. This implies that H has exactly one nontrivial
component F by n ≥ 2k + 1. By lemma 2.2, F is either regular or semi-regular bipartite, where
n− k ≤ |V (F )| ≤ n.
Suppose that F is a semi-regular bipartite graph. Then n− s+ 1 ≤ |V (F )| ≤ n, F = (X,Y ) is
a semi-regular bipartite graph where |X| = n−k−1+m, |Y | = k− s+ t+2 and 0 ≤ m+ t ≤ s−1.
For any vertex u ∈ X, dF (u) = k − s + 2, for any vertex v ∈ Y , dF (v) = n − k − 1. We
have H = F + Ks−1−m−t, since µ(G) = µ(H) and H is a spanning subgraph of G, we have
F +Ks−1−m−t ⊆ G ⊆ F +Ks−1−m−t, and then G ∈ F ∨ G1, where G1 is the spanning subgraph
of Ks−1−m−t, i.e., G ∈ ECn; a contradiction.
Finally we assume F is regular of degree k − s + 2 = n − k − 1 when n = 2k − s + 3. Let
|V (F )| = n − k + r, 0 ≤ r ≤ k, H = F +Kk−r. Thus H = F ∨Kk−r, so ∀u ∈ F, dH(u) = k,∀v ∈
Kk−r, dH(v) = n− 1 in H. Since G ⊆ H, δ(G) ≥ k, we get G ∈ F ∨ G1, where G1 is the spanning
subgraph of Kk−r, i.e., G ∈ EPn. 
Next, we consider the s-edge-connected property. Since every s-connected graph is also s-edge-
connected. By Theorem 3.1. We get the following corollary.
Corollary 3.2 Let s ≥ 1, k ≥ 1, k − s+ 1 ≥ 0, n ≥ 2k + 1. Let G be a connected graph of order
n and minimum degree δ(G) ≥ k. If
µ(G) ≤
√
(k − s+ 2)(n − k − 1),
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then G is s-edge-connected unless G ∈ EPn or G ∈ ECn.
Theorem 3.3 Let k ≥ 1, k ≥ 2β, n ≥ 2k + β + 2 with n ≡ β(mod2), 0 ≤ β ≤ n. Let G be a
connected graph of order n and minimum degree δ(G) ≥ k. If
µ(G) ≤
√
(β + k + 1)(n − k − 1),
then G is β-deficient unless G ∈ EPn or G = Kk+1 +Kn−k−1 when β = 0.
Proof. Let H = Cn−β−1(G). If H is β-deficient, then so is G by Lemma 2.1(iii). Now we
assume that H is not β-deficient. Note that H is (n − β − 1)-closed, thus every two nonadjacent
vertices u, v have degree sum at most n− β − 2, i.e.,
dH(u) + dH(v) ≥ 2(n − 1)− (n− β − 2) = n+ β, (3.2)
for any edge uv ∈ E(H).
Since dH(u) ≥ dG(u) ≥ k and dH(v) ≥ dG(v) ≥ k, we have dH(u) ≤ n − k − 1 and dH(v) ≤
n− k − 1. Combining (3.2), thus dH(u) ≥ n+ β − dH(v) = β + k+ 1 and dH(v) ≥ β + k+ 1. This
implies that
dH(u)dH (v) ≥ dH(u)(n + β − dH(u)).
Let f(x) = x((n + β) − x) with β + k + 1 ≤ x ≤ n− k − 1, we note f(x) is convex in x. We have
f(x) ≥ f(β+k+1) (or f(n−k−1)), namely f(x) ≥ (β+k+1)(n−k−1), the equality holds if and
only if x = β+k+1 (or x = n−k−1). So dH(u)dH(v) ≥ dH(u)(n+β−dH (u)) ≥ (β+k+1)(n−k−1)
with equality if and only if dH(u) = β + k + 1 and dH(v) = n − k − 1. By Lemma 2.2, Perron-
Frobenius theorem, and the assumption,
√
(β + k + 1)(n − k − 1) ≥ µ(G) ≥ µ(H) ≥ min
uv∈E(H)
√
dH(u)dH(v) ≥
√
(β + k + 1)(n − k − 1).
Therefore, µ(G) = µ(H) =
√
(β + k + 1)(n − k − 1), and dH(u) = β + k + 1, dH(v) = n − k − 1
for any edge uv ∈ E(H). Note that every non-trivial component of H has a vertex of degree at
least n − k − 1 and hence of order at least n − k, this implies that H has exactly one nontrivial
component F by n ≥ 2k+β+2. By lemma 2.2, F is either regular or semi-regular bipartite, where
n− k ≤ |V (F )| ≤ n.
Suppose that F is a semi-regular bipartite graph. Then n + β ≤ |V (F )| ≤ n, so β = 0 and
F = H = Kk+1,n−k−1. Since µ(G) = µ(H) and H is a connected spanning subgraph of G, we have
G = H by Perron-Frobenius theorem. ThusG = Kk+1,n−k−1, this implies that G = Kk+1+Kn−k−1;
a contradiction.
Finally we assume F is regular of degree β + k + 1 = n − k − 1 when n = 2k + β + 2, so
n − k ≤ |V (F )| ≤ n. Let |V (F )| = n− k + r, 0 ≤ r ≤ k, H = F +Kk−r. Thus H = F ∨Kk−r, so
∀u ∈ F, dH(u) = k,∀v ∈ Kk−r, dH(v) = n − 1 in H. Since G ⊆ H, δ(G) ≥ k, we get G ∈ F ∨ G1,
where G1 is the spanning subgraph of Kk−r, G ∈ EPn; a contradiction. 
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Theorem 3.4 Let s ≥ 1, k ≥ 1, n ≥ 2k + s + 1. Let G be a connected graph of order n and
minimum degree δ(G) ≥ k. If
µ(G) ≤
√
(k + s)(n− k − 1),
then G is s-path-coverable unless G ∈ EPn or G = Kk+1 +Kn−k−1 when s = 1.
Proof. Let H = Cn−s(G). If H is s-path-coverable, then so is G by Lemma 2.1(iv). Now we
assume that H is not s-path-coverable. Note that H is (n− s)-closed, thus every two nonadjacent
vertices u, v in H have degree sum at most n− s− 1, i.e., for any edge uv ∈ E(H)
dH(u) + dH(v) ≥ 2(n − 1)− (n− s− 1) = n+ s− 1, (3.3)
this implies that
dH(u)dH(v) ≥ dH(u)(n + s− 1− dH(u)).
Since dH(u) ≥ dG(u) ≥ k and dH(v) ≥ dG(v) ≥ k, we have dH(u) ≤ n − k − 1 and dH(v) ≤
n− k − 1. Combining (3.3), thus dH(u) ≥ n+ s− 1− dH(u) = k + s and dH(v) ≥ k + s.
Let f(x) = x((n + s − 1) − x), k + s ≤ x ≤ n − k − 1. We note f(x) is convex in x. Then we
have f(x) ≥ f(k+ s) (or f(n− k− 1)), namely f(x) ≥ (k+ s)(n− k− 1), the equality holds if and
only if x = k+s (or x = n−k−1). So dH(u)dH(v) ≥ dH(u)(n+s−1−dH (u)) ≥ (k+s)(n−k−1)
with equality if and only if dH(u) = k+ s and dH(v) = n−k−1. By Lemma 2.2, Perron-Frobenius
theorem, and the assumption,
√
(k + s)(n− k − 1) ≥ µ(G) ≥ µ(H) ≥ min
uv∈E(H)
√
dH(u)dH(v) ≥
√
(k + s)(n− k − 1).
Therefore, µ(G) = µ(H) =
√
(k + s)(n− k − 1), and dH(u) = k + s, dH(v) = n − k − 1 for any
edge uv ∈ E(H). Note that every non-trivial component of H has a vertex of degree at least
n−k−1 and hence of order at least n−k, this implies that H has exactly one nontrivial connected
component F by n ≥ 2k+ s+1. By lemma 2.2, F is either regular or semi-regular bipartite, where
n− k ≤ |V (F )| ≤ n.
Suppose that F is a semi-regular bipartite graph. Then n + s − 1 ≤ |V (F )| ≤ n, and then
s = 1, F = H. Since µ(G) = µ(H) and H is a connected spanning subgraph of G, we have G = H
by Perron-Frobenius theorem. Thus G = Kk+1,n−k−1, this implies that G = Kk+1 + Kn−k−1; a
contradiction.
Next suppose F is regular of degree k + s = n − k − 1, then n = 2k + s + 1. Let |V (F )| =
n − k + r, 0 ≤ r ≤ k, H = F + Kk−r. Thus H = F ∨ Kk−r. Because ∀u ∈ F, dH(u) = k,∀v ∈
Kk−r, dH(v) = n − 1 in H, G ⊆ H and δ(G) ≥ k, we get G = F ∨ G2, where G2 is the spanning
subgraph of Kk−r, and then G ∈ EPn; a contradiction. 
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Theorem 3.5 Let s ≥ 0, k ≥ s + 1, n ≥ 2k + 1. Let G be a connected graph of order n and
minimum degree δ(G) ≥ k. If
µ(G) ≤
√
(k − s)(n− k − 1).
Then G is s-hamiltonian unless G ∈ EPn or G ∈ ESn.
Proof. Let H = Cn+s(G). If H is s-hamiltonian, then so is G by Lemma 2.1(v). Now we
assume that H is not s-hamiltonian. Note that H is (n + s)-closed, thus every two nonadjacent
vertices u, v have degree sum at most n+ s− 1, i.e.,
dH(u) + dH(v) ≥ 2(n − 1)− (n+ s− 1) = n− s− 1, (3.4)
for any edge uv ∈ E(H). This implies that
dH(u)dH(v) ≥ dH(u)(n − s− 1− dH(u)).
Since dH(u) ≥ dG(u) ≥ k and dH(v) ≥ dG(v) ≥ k, we have dH(u) ≤ n − k − 1 and dH(v) ≤
n − k − 1. Combining (3.4), thus dH(u) ≥ n − s − 1 − dH(v) = k − s and dH(v) ≥ k − s. Let
f(x) = x((n − s − 1) − x) with k − s ≤ x ≤ n − k − 1, we note f(x) is convex in x. We have
f(x) ≥ f(k− s) (or f(n− k− 1)), namely f(x) ≥ (k− s)(n− k− 1), the equality holds if and only
if x = k − s (or x = n− k − 1). So dH(u)dH(v) ≥ dH(u)(n − s − 1− dH(u)) ≥ (k − s)(n − k − 1)
with equality if and only if dH(u) = k− s and dH(v) = n−k−1. By Lemma 2.2, Perron-Frobenius
theorem, and the assumption,
√
(k − s)(n− k − 1) ≥ µ(G) ≥ µ(H) ≥ min
uv∈E(H)
√
dH(u)dH(v) ≥
√
(k − s)(n− k − 1).
Therefore, µ(G) = µ(H) =
√
(k − s)(n− k − 1), and dH(u) = k−s, dH(v) = n−k−1 for any edge
uv ∈ E(H). Note that every non-trivial component of H has a vertex of degree at least n− k − 1
and hence of order at least n− k, This implies that H has exactly one nontrivial component F by
n ≥ 2k+1. By lemma 2.2, F is either regular or semi-regular bipartite, where n− k ≤ |V (F )| ≤ n.
Suppose that F is a semi-regular bipartite graph. Then n − s − 1 ≤ |V (F )| ≤ n, F = (X,Y )
is a semi-regular bipartite graph where |X| = n − k − 1 + m, |Y | = k − s + t and 0 ≤ m + t ≤
s + 1. For any vertex u ∈ X, dF (u) = k − s, for any vertex v ∈ Y , dF (v) = n − k − 1. We
have H = F + Ks+1−m−t, since µ(G) = µ(H) and H is a spanning subgraph of G, we have
F +Ks+1−m−t ⊆ G ⊆ F +Ks+1−m−t, and then G ∈ F ∨ G1, where G1 is the spanning subgraph
of Ks+1−m−t, i.e., G ∈ ESn; a contradiction.
Finally we assume F is regular of degree k − s = n − k − 1 when n = 2k − s + 1. Let
|V (F )| = n − k + r, 0 ≤ r ≤ k, H = F +Kk−r. Thus H = F ∨Kk−r, so ∀u ∈ F, dH(u) = k,∀v ∈
Kk−r, dH(v) = n− 1 in H. Since G ⊆ H, δ(G) ≥ k, we get G ∈ F ∨ G1, where G1 is the spanning
subgraph of Kk−r, i.e., G ∈ EPn. 
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Next, we consider the s-edge-hamiltonian property. Since every s-hamiltonian graph is also
s-edge-hamiltonian. By Theorem 3.5, we get the following corollary.
Corollary 3.6 Let s ≥ 0, k ≥ s + 1, n ≥ 2k + 1. Let G be a connected graph of order n and
minimum degree δ(G) ≥ k. If
µ(G) ≤
√
(k − s)(n− k − 1),
then G is s-edge-hamiltonian unless G ∈ EPn or G ∈ ESn.
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